Field-orthogonal temporal mode analysis of optical fields is recently developed for a new framework of quantum information science. But so far, the exact profiles of the temporal modes are not known, which makes it difficult to achieve mode selection and de-multiplexing. Here, we report a novel method that measures directly the exact form of the temporal modes. This in turn enables us to make mode-orthogonal homodyne detection with mode-matched local oscillators. We apply the method to a pulse-pumped, specially engineered fiber parametric amplifier and demonstrate temporally multiplexed multi-dimensional quantum entanglement of continuous variables in telecom wavelength. The temporal mode characterization technique can be generalized to other pulse-excited systems to find their eigen modes for multiplexing in temporal domain.
Any electromagnetic field, no matter what state (quantum or classical) it is in, is first characterized by its modes, which are a special class of solutions to the Maxwell equation [1] . Modes of the field become especially important when quantum fields are involved because quantum interference requires indistinguishability of photons whereas modes are distinct features of photons. While spatial modes are easily defined through boundary conditions as in optical cavity and waveguide systems, temporal modes are less concerned because they are usually dealt with through spectral analysis in frequency domain.
On the other hand, it was discovered recently that field-orthogonal temporal modes of electromagnetic fields form a new framework for quantum information [2] . Temporal mode analysis offers a much more straightforward way with intrinsically decoupled modes [3] [4] [5] in describing pulse-pumped parametric processes even though compared to wavelength multiplexing, temporal multiplexing does not increase channel capacity for information carry due to time-frequency relation, similar to spatial mode multiplexing problem [6] . Parametric processes, ever since first proposed by Yuen [7] , have been by far the most common processes to generate experimentally a variety of quantum states of light [8] [9] [10] [11] [12] [13] [14] and are widely used in quantum information and communication [15, 16] , quantum simulation [17] , and quantum metrology [18] for precision measurement. It should be pointed out that temporal mode analysis was performed on a pulsepumped parametric down-conversion of a femtosecondfrequency comb in an optical cavity with much more complicated quantum wavelength multiplexing method [19, 20] , which indirectly revealed the eigen-temporal mode structure as the super modes but with less accuracy. Temporal mode functions of photons in spontaneous parametric processes were also obtained indirectly by making the singular-value decomposition of the joint spectral function that can be measured directly [21] . But as we shall see later, this cannot be applied to high gain parametric processes where quantum entanglement is exhibited in the continuous variables.
However, temporal modes are not easily separated with high efficiency even though quantum pulse gates [22] [23] [24] [25] through nonlinear interaction processes are recently invented to distinguish different temporal modes with some success. The consequence is that the contributions from different temporal modes add, leading to some detrimental effects [5] . On the other hand, homodyne detection can also select out and distinguish the contributions from different temporal modes by a properly matched local oscillator (LO) [5] . But this requires the knowledge of the exact forms of the temporal modes in order to have a matched LO engineered. However, because of its relatively weak intensity, the exact temporal mode profile of a quantum optical field is hard to obtain with current ultra-fast techniques for temporal characterization and therefore has never been directly measured so far.
In this paper, we use a feedback-iteration method with a trial seed pulse to obtain and eventually measure the exact forms of the temporal modes of the two correlated fields generated from a pulse-pumped single-pass broadband fiber parametric amplifier. We can find up to five orthogonal temporal modes. We then measure the quantum entanglement between the output signal and idler fields of the fiber amplifier by performing homodyne detection with LOs engineered to match the specific temporal modes. We observe quantum entanglement in three pairs of mutually orthogonal temporal modes. Furthermore, compared to the traditional cavity-based systems, a broader bandwidth of quantum fields is produced in our single-pass propagation case.
Theoretical background Pulse-pumped parametric processes generate two fields dubbed "signal" and "idler", which are quantum mechanically entangled. The spectral arXiv:1910.09102v2 [quant-ph] 23 Oct 2019
Parametric
Process entangled profiles of the entangled fields are extremely complicated because of the dispersion-dependent phase-matching of the nonlinear medium and the wide spectrum of the pump field. However, this complicated system can always be thought of as superposition of its eigen-modes whose temporal/spectral profiles do not change by the amplifier, as shown in Fig.1 . That is, there exists an independent set of pairwise modes {Â k ,B k }(k = 1, 2, ...) for the signal and idler fields that have the following input-output relation [3] [4] [5] A out
are the annihilation operators for the k-th modes of the signal and idler fields with respective eigen-temporal profiles of
These eigen-modes are exactly the super modes studied by Roslund et al [19] , which are pairwise entangled and form a multi-dimensional quantum entangled states. At relatively low pumping power so that |G k | 1, the eigen-functions {ψ k (ω), ϕ k (ω)} can be obtained by singular value decomposition (SVD) method from the joint spectral function (JSF)
which is defined via the interaction Hamiltonian [3, 26]
Here, {r k } ≥ 0 are the mode numbers satisfying the normalization relation k r 2 k = 1. G > 0 is a parameter proportional to the peak amplitudes of the pump fields, nonlinear coefficient and the nonlinear medium length. Then, we have G k = r k G with r k independent of G.
At high pump power when stimulated emission dominates, the input-output relations in Eq.(1) still stand with G k = r k G but {r k } and {ψ k (ω), ϕ k (ω)} now depend on the pump parameter G [27, 28] .
However, mode functions {ψ k (ω 1 ), ϕ k (ω 2 )} are only obtained in simulations but have never been measured directly. In the following, we will describe a method to directly measure these mode functions experimentally.
Temporal modes determination Our procedure to find the mode functions ψ k (ω), ϕ k (ω) is based on Eq.(1). We inject a seed into the signal field and observe its output. This is somewhat similar to the method of stimulated emission tomography [29, 30] . But here, after the measurement of the output, we feed the result back to modify the input seed and iterate the process. This part is similar to the adaptive method of Polycarpu et al [31] . To see what this leads to, we consider a coherent pulse of spectral shape α 0 (ω) injected into field A. Because of the orthonormality in Eq.(2), we can expand it as
with ξ k = dωψ * k (ω)α 0 (ω). Using Eq.(1) and assuming |ξ k | 2 1, we find the output is approximately
So, the excitations for each mode are amplified but with different gains. Now let us exploit this gain difference: we can measure the output spectral shape and then program a new input field with a wave shaper according to the measured output spectral shape. To keep the input power low, we can attenuate the output by a common factor, say (cosh G 1 ) −1 , so that the new input becomes
Since G k 's are different for different k, we can always arrange mode order so that G 1 > G 2 > ... and cosh G k / cosh G 1 < 1 for all except k = 1. We can then iterate the procedure N times and the field after N iterations becomes
With N large enough, (cosh G k / cosh G 1 ) N → 0 for k = 1 and we are left with only the first mode: α N (ω) ∝ ψ 1 (ω). To obtain the mode function for k = 2, we need to have an input field that is orthogonal to ψ 1 (ω), that is, ξ 1 = 0. To achieve this, we use the Gram-Schmidt process: with ψ 1 (ω) known, we set the input as α (ω) = α(ω)−ξ 1 ψ 1 (ω), which has ξ 1 = 0. Then the dominating mode will be k = 2. To ensure ξ 1 = 0 in the input of each iteration, we perform the orthogonalization step after each measurement of the output. Subsequent modes can be obtained in a similar way but with the orthogonal step
In order to demonstrate the validity of the procedure above, we run some simulations for the JSF given in Ref. [5] and set G = 2.5. The results are shown in Fig.2 for the first three modes. The green curves are the initial input spectral functions and the dashed curves are the final output spectral functions. The blue and red curves are the output functions in the intermediate steps with the number of iterations shown in the legends.
Experimental Procedures and Results
The experimental setup is shown in Fig.3 , in which the fiber optical parametric amplifier (FOPA) consists of two dispersionshifted fibers (DSFs) and a single-mode fiber (SMF), which, through a quantum interference effect, modifies the JSF so that it is well-behaved for the iteration method to converge [32] (see Supplementary Materials for details). The pump and the seed, with their path lengths carefully balanced through a delay line (not shown), are combined with a 90/10 beam splitter and simultaneously launched into the FOPA. The pump for the FOPA are mode locked pulse trains (see Supplementary Materials for details). The output of FOPA is either measured by an optical spectral analyzer (OSA) to determine the spectral profile or separated by coarse wavelength division multiplexer (CWDM) for entanglement measurement by homodyne detection.
We first determine directly the temporal mode profiles of the fiber parametric amplifier by the feedbackiteration method described previously. For this, we use the recorded spectrum of the signal field by an optical spectral analyzer (OSA) to reshape the input seed with a wave shaper (WS). Although an OSA only measures the spectral intensity, here, in the first order approximation, we assume that there is no dispersion in the phases of the mode functions except a jump of π at zeros for higher order modes [33] . So we implement a sign change for the high order mode cases whenever the spectral intensity goes to zero. After a number of iterations (∼ 6 − 8), a steady shape is reached, which corresponds to one of the eigen temporal modes from the parametric amplifier. We follow the steps described previously to find other eigen temporal modes. Fig.4 shows the converged spectral intensity of the first three temporal modes (a,b,c) together with those for the corresponding idler field (d,e,f). The curves are normalized to the maximum values. The dotted lines are the initially injected seed. For the higher order modes (k = 2, 3), there is a slight difference between the feedback input and output. This is caused by non-uniform spectral response of the detector as well as dispersion in phase of the higher order modes. The temporal mode structure is characterized by the distribution of the G k values, which can be obtained from the power gain cosh 2 G k for each mode. The measured power gains for the first five modes under different pump powers are shown in Fig.5(a) with the extracted and normalized r k (≡ G k /G) values shown in Fig.5(b) . The dashed red boxes on order numbers 4 and 5 in the figure indicate that the output is not stable. This is because the bandwidths of the higher orders are too broad and run outside the range of the well-behaved JSF and into the next region of the JSF (see Supplementary Materials on JSF). As can be seen from Fig.5(b) , the mode parameters {r k } change with pump power increase and the changes become more prominent for the high order. Furthermore, we also observe some significant changes in the converged mode profiles (Fig.4) as the pump power changes. This is in support of the theory in Refs. [27, 28] that mode structure changes with the pump power. But the mode changes may also be caused by other nonlinear effects in fibers such as self-phase modulation, which occur at high pump power. Once the temporal mode profiles are determined, we can perform homodyne detection with local oscillators (LOs or LOi) tailored to match the specific temporal mode of our interest. Since temporal modes are orthogonal to each other, when the LO is matched to a specific mode, there is no contribution from other modes for the homodyne detection [5] . So, we can use homodyne detection to select the mode of our interest. With this, we first check the correlation between different modes by measuring the covariance matrix C mn ≡ ∆Ô m ∆Ô n / ∆ 2Ô m ∆ 2Ô n where indices m, n denote different modes andÔ is either the amplitude quadratureX ≡â+â † or the phase quadratureŶ ≡ (â− a † )/i when properly locking the phases between LOs/LOi and signal/idler beams to either 0 or π/2 (see Supplementary Materials for the details). Figure 6 shows the results of either amplitude ( Fig.6(a) ) or phase ( Fig.6(b) ) quadrature for six modes of {s1, s2, s3, i3, i2, i1} with sk, ik(k = 1, 2, 3) denoting the k-th order conjugate modes of signal and idler fields. (For exact numerical values, see Supplementary Materials). We only measure up to 3 orders because higher orders are not stable (see Fig.5 ). In Fig.6 , we take out the diagonal elements which all equal to 1. The anti-diagonal elements correspond to C s1i1 , C s2i2 , C s3i3 whose non-zero values show the strong pairwise correlation (amplitudeX) or anticorrelation (phaseŶ ) between the corresponding signal and idler modes of the same order whereas the other offdiagonal elements are near zero, indicating the total independence between different orders of the temporal modes and confirming the orthogonality of the modes.
Next, we check the quantum entanglement between the signal and idler fields by measuring ∆ 2 (X sk −X ik ) and 1, 2, 3) for the k-th modes and verifying the inseparability criterion of entanglement: Taking the total detection efficiency into consideration, we obtain the corrected value of I/I u as −3.70 dB, −2.00 dB and −1.60 dB or I = 0.85, 1.26, 1.38 < 2 for the first three modes, respectively. This shows pairwise entanglement between the signal and idler modes of the same order. The worsening for the higher orders is mostly because of the decreasing gains for the higher order modes but is also partly because of the mode mis-matching due to inaccurate mode function measurement. Although our feedback process guarantees high fidelity in intensity, it does not consider phase variations across the spectrum in the first order approximation. But this phase dispersion can lead to the deviation from the real modes, so the entanglement degree decreases. A full measurement of both intensity and phase for a complete output pulse characterization [34] is necessary for more accurate measurement of the mode functions.
In conclusion, we demonstrate experimentally that there exists a set of pairwise eigen-temporal modes for the signal and idler fields generated from a fiber-based parametric amplifier pumped by a short pulse. We experimentally determine the temporal/spectral profiles of these modes and show they are pairwise entangled.
We also demonstrate that the mode structure depends on the gain of the parametric amplifier. But the method described here is only suitable for the high gain parametric amplifier, which gives rise to quantum entanglement in continuous variables. For the low gain case, which produces a two-photon entangled state, the method fails because the gain is near unity for all modes. Nevertheless, the feedback-iteration idea in the current method can still be applied to the low gain case by involving the stimulated emission in the idler field. The detail is presented in another paper [33] .
The technique can be generalized to other pulsepumped systems such as frequency conversion process or other degrees of freedom such as spatial modes to find the eigen-modes of the system. So, the potential applications of the technique is not limited only to quantum optics but can be applied to classical systems as well. mum (FWHM) of 0.28 nm. Moreover, the length of SMF between two DSFs in FOPA is set to 3.4 m to ensure the island of our interest is within the spectrum (1571 ± 8 nm for signal and 1531 ± 8 nm for idler) at which the filter for efficiently isolating strong pump and transmitting signal and idler fields is available. When the output of FOPA propagates through a coarse wavelength division multiplexer (CWDM), the signal and idler beams are then separated from the strong pump. The CWDM has two channels centered at 1531 and 1570 nm, respectively. For each channel, the isolation to the pump is greater than 60 dB, and the one-dB bandwidth for each CWDM channel is 16 nm. Hence, Fig.7(d) can present the JSF of signal and idler fields at the output of CWDM, which corresponds to the island highlighted by the dashed box in Fig.7(c) .
II. Phase Locking -We achieve phase locking of the local oscillators by passing the injected seed sequentially through a phase modulator (PM) and an amplitude modulator (AM) [37] . In this case, both the modulated signals of the PM and AM are transferred to the amplified signal and idler beams to produce error signals for locking. When the relative phases are locked to 0 by exploiting the sinusoidal modulation signal of the PM at 2.5 MHz, we are able to measure the noise of quadrature amplitudesX s andX i ; when the relative phases are locked to π/2 by using the sinusoidal modulation signal of the AM at 1.875 MHz, we are able to measure the noise of quadrature phaseŶ s andŶ i .
III. Covariance Matrix -To obtain the covariance matrix elements C mn defined as
forÔ m ,Ô m (O = X, Y, m, n = s1, s2, s3, i3, i2, i1), we first measure ∆ 2Ô m by direct homodyne detection of O m . ∆Ô m ∆Ô n can be extracted from the directly measured joint quantity
n − 2 ∆Ô m ∆Ô n . The covariance matrix elements between signal and idler beams such as C s1i1 can be measured from joint measurement of ∆ 2 (X s1 −X i1 ) by homodyne detection on the separated signal and idler beams. But matrix elements such as C s1s2 will have to come from measurement on signal beam alone. Since we don't yet have an effective method to separate the temporal modes, we cannot use the method of measuring C s1i1 . Instead, we consider an LO in a shape of the superposition ψ LO (ω) = α 1 ψ s1 (ω) + α 2 ψ s2 (ω)(α j is real). It can be shown [5] that with proper phase of the LO field, the homodyne detection with this LO measures the quantitŷ
whereX sj ≡Â sj +Â † sj (j = 1, 2...) withÂ sj defined in Eq.(1) as the annihilation operator for mode sj. Then we have
Making three measurement by setting α 1 = 1, α 2 = 0, or α 1 = 0, α 2 = 1, or α 1 = 1, α 2 = 1, respectively, we are able to extract C s1s2 even though we cannot separate s1 and s2 modes. The values of the elements of the measured covariance matrix with labels {1 = s1, 2 = s2, 3 = s3, 4 = i3, 5 = i2, 6 = i1} are presented for amplitude (X) as 
The error bars for all elements are approximately 0.01. The diagonal elements are trivial value of 1. The antidiagonal elements are near 1 or -1, indicating strong correlation between the signal and idler fields of the same order of modes s m , i m (m = 1, 2, 3). The other off-diagonal elements are close to zero indicating the independence of the modes of different orders.
